Several new families of exact solution to the Einstein-Maxwell system of differential equations are found for anisotropic charged matter. The spacetime geometry is that of 
Introduction
The Einstein-Maxwell system of equations has generated much interest recently. Exact solutions may be used to describe the dynamics of charged anisotropic matter in a relativistic stellar setting. The modelling of highly compact objects such as dark energy stars, gravastars, ultradense stars and neutron stars then becomes possible in general relativity. Stars with anisotropic pressures and an electric field have been studied by Maurya and Gupta, 1 Maurya et al., 2 Pandya et al., 3 Bhar et al., 4 Fatema and Murad, 5 Murad and Fatema 6 and Murad. 7 Solutions with an equation of state may be related to observed astronomical objects as shown by Maharaj and Mafa Takisa, 8 Mafa Takisa et al. 9, 10 and Sunzu et al.
11, 12
In spite of numerous exact solutions that have been found with a static spherically symmetric field only a few families of models are known which satisfy all the criteria for a physically acceptable relativistic star. An ansatz that does lead to a physically valid model is that of Finch and Skea 13 with uncharged matter. Charged Finch-Skea stars were found by Hansraj and Maharaj; 14 these models are given in terms of Bessel functions and obey a barotropic equation of state. Tikekar and Jotania 15 found a two parameter family of solutions describing strange stars and other compact distributions of matter in equilibrium. Stars with a quadratic equation of state with the Finch-Skea geometry were analysed by Sharma and Ratanpal. 16 This category of stars was extended by Pandya et al. 17 for a generalized form of the gravitational potential. Kalam et al. 18 proposed quintessence stars with both dark energy and anisotropic pressures. Strange stars admitting a Chaphygin equation of state were investigated by Bhar.
19 The Finch and Skea 13 geometry has been studied in matter distributions with lower and higher dimensions. Banerjee et al. 20 produced a class of interior solutions, corresponding to the BTZ exterior spacetime, 21 in 2 + 1 dimensions. Bhar et al. 22 also produced anisotropic stars in 2 + 1 dimensions and a quark equation of state. In higher dimensions the Finch-Skea metrics, and generalisations, also arise as shown by Patel et al. 23 and Chilambwe and Hansraj. 24 It is interesting to observe that the Finch-Skea spacetimes also arise in the 5-dimensional Einstein-Gauss-Bonnet modified theory of gravity in Hansraj et al. 25 This suggests that the Finch-Skea geometry may play an important role in more general Lovelock polynomials with a Lagrangian containing higher order terms.
The above references highlight the importance of the Finch and Skea 13 potentials in many different physical applications. We therefore perform a systematic study of the Einstein-Maxwell equations with the Finch-Skea geometry in the presence of anisotropy and charge as it satisfies all physical requirements for a general relativistic stellar configuration and is widely used in the modelling process. Hansraj and Maharaj 14 found the charged analogue of the Finch-Skea star. In this investigation we extend the Hansraj and Maharaj approach by adding anisotropy to the field equations. We generate the master gravitational equation in Sect. 2 which is obtained with the help of the Einstein-Maxwell system. We make a particular choice for one of the gravitational potentials, the electric field intensity and the anisotropic term. Three classes of solution are possible depending on the solution of the differential equation 4(1 + ax)ÿ − 2aẏ + (a 2 − α)y = 0 and the value of the quantity a 2 − α. In Sect. 3 we treat the case where a 2 − α = 0. In Sect. 4 we consider the case a 2 − α > 0 and we set a = −1, 1, 3. For these values of a we find new classes of exact solution to the Einstein-Maxwell system in terms of elementary functions. In Sect. 5 our study concerns the case a 2 − α < 0. As in the previous section we make the choices a = −1, 1, 3 and new classes of exact solutions to the EinsteinMaxwell system are obtained in terms of elementary functions. The equation of state is established in Sect. 6 for a particular model. The other classes of models also admit an equation of state. The physical analysis of the charged anisotropic model is presented in Sect. 7 with graphs generated for particular parameter values for the electric field. Concluding remarks are made in Sect. 8.
The model
The line element has the form
where ν(r) and λ(r) are the potentials for a static spherical field. We now introduce the transformation
where A and C are constants. This transformation was first used by Durgapal and Bannerji. 26 The line element (1) then has the form
in terms of the variable x. The Einstein-Maxwell field equations become
in terms of the new variables. In the above ρ is the energy density, p r is the radial pressure, p t is the tangential pressure, E is the electric field and σ is the charge density. The conservation equation is dp
The mass of the graviting object contained within a radius x of the sphere is
This quantity is sometimes called the mass function and is important for comparison with observations. For a physically realistic relativistic star the equation of state is complex and depends on parameters such as the temperature, the number fraction of a specific particle interior species and strong entropy gradients. As a simplifying assumption for a charged anisotropic matter distribution we assume the barotropic relationship
From (4b) and (4c) we can write
where ∆ = p t − p r is the measure of anisotropy. We can solve the Einstein-Maxwell field equations by choosing specific forms for the gravitational potential Z, the electric field intensity E and anisotropy ∆ which are physically reasonable. Therefore we make the choices
where a, α, β are real constants. The electric field E depends on the real parameters α and β. The form (9b) is physically reasonable since E 2 remains regular and positive throughout the sphere if α > β. In addition the field intensity E becomes zero at the stellar centre and attains a maximum value of E = (α − β)C/(4a) when r = 1/ √ aC. The anisotropy ∆ is a decreasing function after reaching a maximum and will have small values close to the stellar boundary. Substitution of (9) into (8) gives
which is the master equation. There are three categories of solutions in terms of different values of the parameter α. The three cases correspond to
which generates new models. 
Equation (12) is integrated to give
where c 1 and c 2 are constants.
The complete solution of the Einstein-Maxwell system is then given by
The line element for this solution (14) is given by
It is interesting to note that when α = β then the electric field vanishes and we obtain an uncharged anisotropic model. (10) has a more complicated form. However we can transform it to a standard Bessel equation. We can simplify (10) with the transformation
The case a
Then (10) becomes
where
. Now we use the transformation
to obtain
which is a Bessel equation of order a+2 2 . In general the solution of (17) is a series. The general solution is a sum of linearly independent Bessel functions J a+2 (w), of the second kind, so that
and b ,... (see Watson 27 ). We show that this is possible for the cases a = −1, a = 1, a = 3.
Model I: a = −1
For a = −1, the solution (20) can be written as
Then the general solution of (10) is given by
where c 
This is a new solution to the Einstein-Maxwell system. The line element for this case is
Model II: a = 1
When a = 1, (20) is of the form
Then the general solution to (10) is
where we introduced the constants c 1 = 
The system (29) gives the exact solution of the Einstein-Maxwell system expressed in terms of elementary functions. This is a new solution. We can consider the result (29) as a generalisation of the Hansraj and Maharaj 14 model; when β = 0 the pressures are isotropic and we regain their model. When α = 0 and β = 0 then we have an uncharged isotropic star which was the model first found by Finch and Skea. 13 We can write the line element in terms of the coordinate x as
The metric (30) may be interpreted as the anisotropic, charged generalisation of the Finch and Skea 13 solution.
Model III: a = 3
When a = 3, (20) is of the form
This is a new category of exact models for a charged, anisotropic matter distribution. The line element is given by
5. The case a 2 − α < 0 We now consider the case a 2 − α < 0 and write the differential equation (10) as
Keeping the same transformation (16) of Sect. 4, the equation (36) takes the form
where V = y 2/(2+a) Y −2/(2+a) . We cannot use the variable w of Sect. 4 as a 2 −α < 0. It is important to use a new variablew. By taking
equation (36) becomes
Equation (39) is the modified Bessel differential equation of order 2+a 2 . The general solution of (39) is a sum of linearly independent modified Bessel functions given by ,... We now consider the cases where a = −1, a = 1 and a = 3.
Model I: a = −1
When a = −1 the solution (40) takes the form
Then the general solution of (36) is given by 
This is a new solution to the Einstein-Maxwell system in terms of hyperbolic functions. The line element for this case is
Model II: a = 1
For a = 1 the solution (40) becomes
where the modified Bessel functions are given by
Then the general solution of the equation (36) 
Equations (49) 
Model III: a = 3
When a = 3 we can write the solution (40) as are modified Bessel functions which may be expressed in terms of hyperbolic functions as
Then the general solution to the differential equation in this case may be written as 
where we have set T (x) ≡ (α − 9)(1 + 3x).
We have found another class of new solutions which allows for more complex behaviour in the potentials than the earlier cases. For our new solution to the Einstein-Maxwell system given by equations (54), the line element has the form
Equation of state
An equation of state relating the radial pressure p r to the energy density ρ is a desirable physical feature in a relativistic stellar model. The expressions for the radial pressure p r are complicated but all the models found in this paper admit an equation of state. We illustrate this for the model found in Sect. 4.2. From equation (29c) in Sect. 4.2 we can establish the expression
To solve this equation, with distinct real roots, we impose the following condition, where the discriminant of the quadratic equation (56) is positive. We have that
Hence the variable x is written in terms of ρ as
Then from (29d) we can write p r as a function of ρ. Therefore, we have an equation of state of the form
where we have set
Consequently the model in Sect. 4.2 has an equation of state of the general form
which is barotropic. Another quantity of physical interest is the speed of sound dpr dρ . With the help of (59) and (29), the expression for the speed of sound in terms of the radial coordinate r becomes dp r dρ = 2 + α − β + (2 − α + β)cr
+2(−1 + γ 2 ) cos(2Ω(r)) + 6γΩ(r) cos(2Ω(r)) +(−3Ω(r) sin(2Ω(r)) + γ(−4 + 3γΩ(r))) sin(2Ω(r)))]
where γ = c1 c2 is a constant and Ω(r) = (1 − α)(1 + Cr 2 ) . This expression is complicated but it is interesting to note that it is possible to find an analytic expression for the speed of sound. Graphical plots can be generated for dpr dρ as we show in the next section.
Physical models
Some brief comments about the physical features of the new solutions to the Einstein-Maxwell system are made in this section. In this paper, we have presented several new models for a relativistic astrophysical star. The underlying equation was the Bessel differential equation which governs the solution of the MaxwellEinstein system of field equations. The solutions found have matter variables which are regular and well behaved in the interior of the star. As an example we show in this section that the exact solutions found in Sect. 4.2 are physically reasonable. The matter variables are plotted graphically. The software package Mathematica (Wolfram 28 ) was used for the plots with the choice of parameters a = 1, A = 1, c 1 = 6.685, α = 0.59, γ = −89.87631, C = 1, β = 0.175, c 2 = −0.07438.
For a physically realistic relativistic star the equation of state is complex and depends on parameters such as the temperature, the number fraction of a specific particle interior species and strong entropy gradients. As a simplifying assumption for a charged anisotropic matter distribution we assume the barotropic relationship.
The expressions for the matter and geometrical variables are in terms of Bessel functions which makes it difficult to study the behaviour of the physical features. We can obtain simpler forms for these quantities by expanding them in terms of Taylor series up to order r 2 . This makes it possible to investigate the physical behaviour for small values of r. We obtain the quantities:
It is clear from the above that the gravitational potentials and matter variables are finite and regular at the centre and in the spacetime region close to the centre. Note that our models in general are not asymptotically flat in the finite interior of the star; however the interior does match to the asymptotically flat vacuum exterior. To take into account the physical units and dimensional homogeneity in the plotted matter variables, we make the following scaling:
where R has the dimension of length. The numerical value R = 3.75 km has been chosen so that all the matter variables are well behaved. The quantitiesρ,p r ,p t ,Ẽ andσ are the physically relevant quantities. For example the star density is of order 3.0 × 10 15 gcm −3 . This is greater than the nuclear saturation density but it is in the range of quark stars with a linear equation of state (see for example Mafa Takisa et al. 10 ). The physical star radius isr which is approximately 8.43 km. Note that different choices of the parameter values may produce other physical profiles.
The following plots were generated:
• Figure 1 : Energy density.
• Figure 2 : Radial and Tangential pressure.
• Figure 3 : Electric field.
• Figure 4 : Charge density.
• Figure 5 : Mass function.
• Figure 6 : Equations of state.
• Figure 7 : Speed of sound. Figure 1 shows that the density of energyρ is positive, finite and strictly decreasing. In Figure 2 we see that both the tangential and radial pressures are positive and monotonically decreasing functions. We have introduced a zoomed box in Figure  2 to give a better representation of the behaviour of the pressures. The zoomed box shows that whilep r vanishes at the boundary, the tangential pressure remains positive. In Figure 3 the electric field is positive and monotonically increasing and attains a maximum value whenr = R. The evolution of the proper charge density in Figure 4 is a decreasing function which is continuous for anisotropic and isotropic cases. The zoomed box shows the proper charge density profile near the radius. The mass function is an increasing function with increasing radius in Figure 5 . At the radiusr s = 8.43 km, the ratio of mass over radius for the three cases remains in the range of which correspond to neutron stars and ultra compact stars. We observe that the anisotropy does affect the behaviour of the mass and for these three cases. We plotted the equation of state for different parameter values in Figure  6 . The zoomed box helps to distinguish the separation of curves for the three cases considered. We find that the parameter of anisotropy β influences the evolution of the equation of state. In Figure 7 the speed of sound satisfies the causality principle 0 ≤ dpr dρ ≤ 1 and the speed of sound is less than the speed of light. The plots generated indicate that models found in this paper are physically reasonable. A detailed study of the physical features such as the luminosity and the relationship to observed astronomical objects will be carried out in future work. way an infinite family of exact solutions to the master equation can be generated in terms of elementary functions. Solutions found previously are contained in our analysis. In particular we regain the Finch and Skea 13 solution for uncharged matter and the Hansraj and Maharaj 14 solution in the presence of electromagnetic field. We show that the solutions found admit a barotropic equation of state so that the radial pressure can be written as a function of energy density. A graphical analysis indicates that the matter variables are well behaved and regular in the interior. In particular the speed of sound is less than the speed of light.
